Abstract. The problem of retrieving a static current density from knowledge of the magnetic field it produces at a plane is solved. This problem does not have a unique solution. However, there is a unique solution of the least L2 norm. The Fourier transform of the minimum norm current distribution is given in closed form. The minimum norm current distribution is a filtered version of any other current distribution that produces the same magnetic field data. The kernel of the filter is given in closed form. The electrostatic counterpart of this problem is also similarly solved.
Magnetostatics
The inversion of electric currents and magnetisation from the multipoles of time-harmonic electromagnetic fields has been investigated [ 11. This Letter considers the determination of static currents (charges) from a magnetic field (electric potential) measured at a plane. The methodology used here is closely related to that used in the inverse source problem of Helmholtz's equation [ 21. The planar configuration is particularly relevant to geophysics, where the approach to the magnetostatic inverse problem has been to catalogue the forward solutions [ 31. A variety of least-squares approaches to the magnetostatic inverse source problem have been used in biomagnetism [4-71.
Consider an unbounded three-dimensional space that supports a volume distribution of static electric current, and in which the magnetic permeability is constant. It follows from Maxwell's equations that the current density J, and the magnetic field, H, are solenoidal, and the current density is the curl of the magnetic field:
Suppose that all three components of H(x, y, 0) are known at all points on the plane z = 0. The surface data are related to the current density by the Biot-Savart solution of the partial differential equation (3). Namely, in which bold-face characters indicate vectors. The problem addressed here is the retrieval of J (x, y, z ) in three-dimensional space from knowledge of H(x, y, 0) on the surface z = 0. It is clear that the magnetostatic inverse source problem defined above has no unique 
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Letter to the Editor solution. Denote the integral operator in (4) as H = 9 J . To prove that the null space of the operator 9 contains members other than zero, consider a differentiable field H , such that V H,, = 0 everywhere, H , = 0 for -1 < z, and V x H, is non-zero in some region of the lower half space, z < -1. Then, the field V x H,, is in the null space of the operator 9.
This discussion will be restricted to square-integrable current distributions, with square-integrable first derivatives. It is further assumed that the three-dimensional spatial Fourier transform of the current is not more singular than IIkIJ'-'" at the origin for some E > 0, k being the transform variable. Then, the magnetic field is also square integrable. Let the symbols tilde and hat denote two-and three-dimensional Fourier transformation, respectively:
It is understood that k = k l + e,k,, where e, denotes the unit vector along the vertical (z) axis, and the vector kl is the projection of k on to the horizontal plane. By hypothesis, @(AL), the Fourier transform of the data, is available. The relation between k ( k ) and
Taking the cross product of (10) with ik, and using (9), one obtains the transform domain version of the Biot-Savart law:
The transform domain version of 9 in (4) is obtained from (7) and (1 1):
It is necessary and sufficient for a current distribution to satisfy (8) and (12) in order to be a solution to the inverse source problem. Any such solution can be uniquely decomposed as J = JO + N , where N is in the null space of 9, and Jo is in the orthogonal complement of the null space of 9 (see, e.g. [8] ). In other words, N is a current distribution that produces no magnetic field at the surface z=O, and Jo is a solution of the inverse source problem that is orthogonal to all members of the null space of 9. The difference of any two solutions of (8) and (12) is in the null space of 9, Therefore, JO in the decomposition of all current distributions that produce the same surface data, E?, are identical. For given 
The minimum norm solution is uniquely determined from (8), (12) , (14) and (15) ( 1 6 4 Two juxtaposed vectors and symbols in sans-serif bold indicate dyads. Clearly, IO satisfies (8). The fact that Io satisfies (12) for kl # 0 is verified by substituting 10 for J^ on the righthand side of (12). It follows from Parseval's theorem and (1 5) that JO is orthogonal to any member N of the null space of 2:
An asterisk denotes complex conjugation in the expression above. Suppose the current distribution J produces the surface data I?, and JO is the minimum norm current distribution that produces the same surface data. JO can be expressed in terms of J by combining (12) and (16), changing the order of integration and using references [9, lo] .
One obtains
Jo(x) = d3x' K(xl -xi, Z, 2') J(x'). The above representation of K is in the usual Cartesian base, {ex, e,,, e z } . The absence of a peak at z = z' in (1 9) indicates that depth information is lost in the inversion process.
S

Electrostatics
Suppose V(x) and p(x) are related by Poisson's equation, V 2V= -p. Further assume that p is square integrable and lpd3x=0. In electrostatics, V corresponds to the electrical potential, and p corresponds to the sum of the free charge density and the polarisation charge density, divided by the permittivity of free space. As in the previous problem, p(x) cannot be uniquely determined from V(x, y , 0). However, there is a unique least norm charge distribution that is consistent with the observed surface potential V(x, y , 0). Taking three-dimensional Fourier transforms, one obtains
The two-dimensional Fourier transform of the surface data, P(kJ is related to P(k) by
